For a graph G
We say that a list L for a graph G is a (k, c)-list if |L(v)| = k for all v ∈ V (G) and |L(u) ∩ L(v)| ≤ c for all uv ∈ E(G). Kratochvíl et al. [5] introduced χ l (G, c), the least k such that G is L-colorable from each (k, c)-list L. Among other results, they showed that cn 2 ≤ χ l (K n , c) ≤ √ 2ecn, where K n is the complete graph on n vertices. They also asked whether the limit lim n→∞ χ l (K n , c)/ √ cn exists. We prove that the limit is 1. We also find the exact value of χ l (K n , c) for infinitely many values of n.
Upper Bound
We start by citing two known facts.
Lemma 1 (Johnson's bound). [4]
Let E 1 , ...E m be sets such that |E i | ≥ k and
For the complete graph K n and a list L, the vertex-color adjacency graph,
is the bipartite graph whose partite sets are
Observation 2 (Vizing).
[6] For every list assignment L for K n , K n has an L-coloring if and only if the vertex-color adjacency graph
is a q-uniform hypergraph such that |E| = q + 2 and
Proof. Let d v be the degree of vertex v, then we have
Let t ≥ 1 be an integer. We multiply (1) by
by 2 t and add them up. We also note the fact that
..} and d ∈ {1, 2, ...}. We now choose t = c + 1 and we have
Proof. We need to show that Hall's condition holds in F , that is, |S| ≤ |N (S)|, for all S ⊆ V . For this we consider the subgraph F S induced by vertices of S and N (S)
Counting edges in F S we have
which implies |S| ≤ |N (S)|.
Now if Hall's condition fails to hold, then |S| > |N (S)|, and thus
, which is a contradiction.
Remark: One could also use Lemma 1 in Case 2 of the above Lemma to obtain a slightly weaker upper bound of
Observation 2 and Lemma 4 now yield the following Proposition.
Lower Bound
In this section we will obtain a lower bound on χ l (K n , c) and then use it to yield the main theorem stated below
For this we first show the construction based on [1] and then use it to get a lower bound on χ l (K n , c).
Let q be a prime power and c an integer such that c < q − 1 and c divides q − 1. Let F be the q-element finite field GF(q) and let h be an element of order c in the multiplicative group Consider the set L a, b = { x, y : ax + by ∈ H}. Since H is a group, ax + by ∈ H implies (h ′ a)x + (h ′ b)y ∈ H, for all h ′ ∈ H. Hence L a, b is well-defined.
Proof: Let (a, b) ∈ F × F\{(0, 0)}. By symmetry we assume b = 0. Then for any given x and h α , there is a unique solution of ax + by = h α . Hence there are exactly qc solutions. These solutions come in equivalence classes and hence |L a, b | = q. Now consider (a, b) ≁ (a ′ , b ′ ). Then for given α and β, if the system of equations 
Applying Claim 1 we obtain the following theorem. 
edges such that every two edges intersect in at most c vertices.
Proof: Given m, y = mx has q solutions in F × F. Since the solutions come in equivalence classes y = mx has q−1 c solutions in V , where V is the vertex set of the hypergraph L from Theorem 7.
To prove the next claim, we might see the hypergraph L arising out of the affine plane geometry AG(2, q) by combining c parallel lines of the form ax + by = h α for c values of α to get the set a, b . Now in AG(2, q) every two lines intersect in at most 1 point in F × F. Hence for each α the line ax + by = h α meets the line y = mx in at most 1 point in V (L) and thus |V m ∩ L a, b | ≤ 1.
Proposition 8. Let q be a prime power. If c < q−1 and c divides q−1, then χ l (K n , c) ≥ q+1 for n ≥
Proof. Consider the hypergraph H(V ′ , E ′ ) with vertex set V ′ = V ∪ {x}, where x / ∈ V and the edge set We shall use the following lemma to give a general lower bound for any n. For a fixed c ≥ 1, one might be interested in knowing what is the maximum value of χ l (G, c) over all n-vertex graphs G. Note that if H is an induced subgraph of G, then χ l (H, c) ≤ χ l (G, c), but this may not hold true for non-induced subgraphs. We have the following conjecture.
Conjecture 11. If c, n ≥ 1 and G is an n-vertex graph, then χ l (G, c) ≤ χ l (K n , c).
